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CONSTRUCTING 
NUMBER SYSTEMS – 
THE RATIONAL, REAL 
AND COMPLEX 
NUMBERS 
 
Dr Ashford 
 
We all know that the square root of a 
number ! is the number that, when 
squared, equals !. So what are the 
square roots of 4, !"#, 2 and −1? I’m 
guessing that your answers to the first 
three are “2, $# and about 1.414”, while 
depending on your current level of 
mathematical education, your answer 
to the fourth question is either “it 
doesn’t exist” or “i”.  
The second answer to the last question 
seems surprising at first glance. We 
know that the square of a positive 
number is positive, and the square of a 
negative number is also positive, so it 
would appear to be impossible to find a 
number which squares to −1. To get 
round this, we can define i to be a new 
number with the property that i2 = −1. 
Because we can’t find i on a number 
line, we call it an imaginary number, as 
opposed to the real numbers that we 
are more familiar with.  
We can then go further and define a 
complex number to be a number a + bi, 
where a and b are both real. We can 
tentatively see how we might add and 
multiply complex numbers; for example, 
we can say that 
 

(3 + 2i) + (2 – i) = 5 + i 
 
while  
 

(3+2i) (2-i) = 6 – 3i + 4i – 2i2 = 8 + i 
 
because i2 = −1. 
 

Even if you think that makes sense, you 
may feel uneasy about the sudden use 
of a new “imaginary” number in 
mathematics. You may ask, quite 
understandably, if it’s valid to introduce 
a brand-new number and work with it, 
especially when we seem to admit that 
it doesn’t really exist. But perhaps you 
should instead be asking why you’re so 
confident that “real numbers” are in fact 
real, and what you mean by “number” in 
the first place. 
Here it is instructive to look at the 
history and development of 
mathematics. Renaissance 
mathematicians and philosophers such 
as Gerolamo Cardano and Rafael 
Bombelli were the first to develop the 
use of imaginary numbers in solving 
cubic equations, but struggled to 
understand their place in mathematics. 
The term “imaginary number” is 
attributed to René Descartes, and it 
stuck because these numbers, despite 
their use, didn’t fit into the 
contemporary understanding of 
numbers. 
This situation is paralleled in a much 
earlier period of history. The concept of 
an irrational number was just as strange 
a concept to ancient Greek 
mathematicians and philosophers as 
the concept of an imaginary number 
was to their Renaissance counterparts. 
The Pythagoreans were confident that 
rational numbers (numbers that can be 
expressed as fractions) were sufficient to 
describe all the world’s quantities, in 
particular lengths and angles in 
geometric figures. However, one 
Pythagorean, possibly Hipassus of 
Metapontum, discovered a fatal flaw in 
this theory: by Pythagoras’ Theorem, the 
length of the hypotenuse of a right-
angled triangle with both shorter sides 
equal to 1 must square to give 2, but 
Hipassus showed that there is no 
rational number which squares to 2 
(according to some stories, he was 
promptly drowned for this heresy). For 
the details of the proof, see 
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http://mathonline.wikidot.com/proof-
that-the-square-root-of-2-is-irrational. 
The Pythagoreans were forced to accept 
the existence of √2 because they 
accepted that the length of a triangle 
had to be a “real” number. But can you 
describe, numerically, what √2 actually 
is? You could draw an isosceles right-
angled triangle and try to measure the 
length of its hypotenuse (which is good 
enough to produce the answer of 
“about 1.414” you probably gave to my 
question at the beginning), but you 
would be limited both by the thickness 
of your pencil and the accuracy of your 
ruler. You can find fractions and 
repeating decimals that give really good 
approximations to √2, but if you take the 
geometry away completely, do you have 
a better definition of √2 than “the 
number that squares to 2”? And is that 
really any more absurd than defining i 
to be “the number that squares to −1”? 
For many hundreds of years, the 
willingness of mathematicians to accept 
√2 as inherently real but √−1 as 
inherently imaginary went largely 
unchallenged. In the 19th Century, the 
most prominent European 
mathematicians, such as Karl 
Weierstrass and Richard Dedekind, 
sought to reconstruct mathematics 
“from the ground up” on a logically 
sound and rigorous basis, 
independently of almost anything else. 
In particular, they aimed to start from 
the bare minimum of numerical 
concepts, restricting these to positive 
integers and basic properties of addition 
and multiplication. Taking this 
approach, we can introduce subtraction 
and division as “inverse operations” and 
thus define rational numbers, but it is 
much harder to pin down the key 
property that separates the rational 
numbers from the real numbers, and 
thus allows for a suitable definition of 
√2. 
One way of thinking about this property 
is to think about sets and bounds. An 
upper bound of a set A is a number 
which is at least as big as every element 

of A. Now suppose we define the specific 
set A to be the set of positive rational 
numbers whose square is less than 2. 
This set has lots of upper bounds, such 
as 2, 3, 100, 10,000 and indeed every 
number whose square is more than 2, 
but there is no smallest rational upper 
bound; for any rational upper bound x, 
there is a potentially very small rational 
number %& such that x − %

& is also an upper 
bound (this number is clearly smaller 
than x). For example, 1.5 is an upper 
bound of A, but so are 1.42, 1.415 and 
1.4143. 
On the other hand, there is no upper 
bound in the set A itself; for any number 
x in the set A, there is a potentially very 
small rational number %& such that x + %

& is 
also an element of A (this number is 
clearly bigger than x). In other words, we 
can find an infinite sequence of rational 
numbers, each bigger than the last, 
with the square of every number in the 
sequence being less than 2. An example 
of such a sequence is 1, 1.4, 1.41, 1.414, 
1.4142, …, where we add another decimal 
place each time. 
We may feel instinctively that this 
sequence should have a limit – a “true” 
number to which the terms of our 
sequence are approaching. But we 
know from Hipassus’ result that there is 
no such limit in the rational numbers, as 
any limit would have to square to 2. In 
order to proceed, then, we have to 
define the limit of this sequence as a 
“new” number √2, in much the same 
way as we define i to be a “new” number 
√−1. 
Dedekind generalised this idea to 
provide a definition of the real numbers. 
They can be added, subtracted, 
multiplied and divided in the same way 
as the rational numbers, but have an 
important extra property; every (non-
empty) set of real numbers has a least 
upper bound or supremum, i.e. an 
upper bound which is smaller than 
every other upper bound. So if we go 
back and change the definition of the 
set A to be the set of all real numbers 
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whose square is less than 2, it will now 
have a supremum, say s. 
Now we can show that s" = 2. If s" < 2, 
then s is in the set A and we can find a 
number %& such that s + %

& is also an 
element of A, so s isn’t an upper bound. 
If s" > 2, then s is not in the set A and we 
can find a number %& such that s − %

& is 
also not in A, so s isn’t the smallest upper 
bound. This only leaves the possibility 
that s" = 2,	so we must have s = √2. For 
more detail on this argument, see 
http://mathonline.wikidot.com/proof-
that-the-square-root-of-2-is-a-real-
number. 
We have seen, then, that the 
construction of the real numbers from 
the rational numbers requires 
introducing non-obvious, precise and 
sophisticated mathematical concepts 
just to be able to talk rigorously about 
square roots, for which we already have 
an intuitive idea. In many ways, the 
construction of the complex numbers 
from the real numbers is the opposite; 
although we may not have a pre-
existing concept of what a complex 
number is, we can define it easily. After 
all, a complex number a + bi is just a pair 
of real numbers (a, b), and all the 
difficulties of the arithmetic of real 
numbers have already been sorted. 
We only need to decide on how the 
pairs of real numbers interact with one 
another when we add, subtract, 
multiply or divide. It would make sense 
to say that 
 
(a + bi) +	(c + di) = (a + c) + (b + d)i, 
 
so we can define addition of complex 
numbers by 
 

(a, b) + (c, d) = (a + c, b + d) 
 
where the + in the brackets is the 
normal addition of real numbers.  
 
 
 
 

In a similar way, we would like to say 
 

(a + bi)(c + di) = ac + adi + bci + cdi2 =
(ac − bd) + (ad + bc)i 

 
remembering that we want i2 =	−1, so 
we define addition of complex numbers 
by 
 

(a, b)(c, d) = (ac − bd, ad + bc) 
 
where the operations inside the 
brackets are the normal operations of 
real numbers. We can now work with 
these pairs of numbers as a single 
complex number, and the new 
arithmetic of these numbers is 
consistent with the arithmetic of real 
numbers. This after all is the beauty of 
mathematics; we have the power to 
define new concepts and ideas, 
provided they are consistent with what 
we know already. 
In many ways, complex numbers are a 
more complete system than real 
numbers. Any complex number has a 
complex square root, and any complex 
polynomial of order n has exactly n 
complex roots, counting repetitions. 
Differentiable complex functions can be 
characterised more easily than their real 
counterparts, and this allows for more 
general and powerful theorems. 
Studying the theory of these complex 
functions also reveals deep links 
between exponential functions and 
trigonometry, and provides ways to 
evaluate real-valued sums and integrals 
which aren’t possible using real 
numbers alone. 
These many convenient properties of 
complex numbers have led modern 
mathematicians to accept them 
without controversy as the valid 
number system for use in every subject 
and discipline. But we should 
remember that progress in 
mathematics is happening all the time; 
what will be the next concept that, like 
Hipassus and Cardano before us, will 
have us saying “but this can’t be real?” 
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PURE MATHEMATICS 
– THE HEDGE-
WALLED GARDEN 
 
Adrian Manickarajah 

 
Pure Mathematics is defined as the 
study of mathematical concepts 
without application outside 
mathematics. It is a clear-cut distinction 
from the world of applied mathematics; 
an idea of separation that has existed 
from the times of ancient Greek 
mathematicians. Yet, it was only in the 
19th century that Pure Mathematics was 
fully established as a distinct discipline, 
and since then, the rift between Pure 
and Applied Mathematics has only 
grown, though the two remain 
intertwined and complementary to the 
other’s existence. 
 
One central concept in Pure 
Mathematics is generalisation, a 
concept that allows for a deeper 
understanding of the original 
underlying theorems, being able to 
shorten proofs and avoiding duplication 
(for the generalisation can be applied in 
more situations than the original 
theory). When we use the 
generalisations obtained in Pure 
Mathematics in real-life scenarios, we 
leave the realms of Pure Mathematics, 
and progress to Applied Mathematics. 
 
The distinction between Pure and 
Applied Mathematics remains a subject 
of debate, and a famous example of this 
debate can be found in G.H. Hardy’s A 
Mathematician’s Apology, published in 
1940. Rather than suggesting that 
applied mathematics be ugly and dull 
(as many misinterpreted his words to 
mean), Hardy states that Applied 
Mathematics expresses physical truth 
based on mathematical principles, while 
Pure Mathematics seeks and explores 

truth that is independent of the physical 
world. He refers to Pure Mathematics as 
real mathematics, something that 
retains permanent aesthetic value and 
refers to Applied Mathematics as dull 
and elementary, the parts that have 
actual, practical uses. 
 
From this, we can establish that Applied 
Mathematics refers to the branch of 
Mathematics that has real-word 
practical use, and Pure Mathematics is a 
form of Mathematics with no real-world 
use. 
 
So what is the point of Pure 
Mathematics? How can Hardy say, so 
boldly, that it is so beautiful, and dismiss 
the mathematics that has application in 
the real world as dull and elementary? 
 
However controversial this statement 
may be, I agree completely with Hardy, 
and believe that Pure Mathematics is 
beautiful, and far more stimulating than 
Applied Mathematics. Let us compare 
Pure Mathematics to a garden; one with 
tall, towering hedge walls, a perfectly 
manicured lawn, and a crystal-clear 
water fountain. What is inside is such 
beauty, purity with no flaws, and, once 
inside, one may not be compelled to 
leave the garden; the hedge walls mark 
a clear separation from the rest of the 
world, keeping the purity inside.  
 
If we metaphorize Pure Mathematics as 
this garden, then we can metaphorize 
Applied Mathematics as what is outside 
the tall walls of the garden. It is neither 
as well-maintained nor as perfect, but it 
represents the real world, and so the 
real applications of Mathematics. The 
real world far from perfect, contains 
flaws that we must circumvent, and so 
Hardy does not describe Applied 
Mathematics as ‘beautiful’. The world 
outside the realms of Pure Mathematics 
is much more expansive, and this is 
representative of how Applied 
Mathematics leads onto other 
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disciplines and sciences, such as 
Physics, Chemistry and Biology.  
However, this does not answer the 
question, ‘What is the point of Pure 
Mathematics?’. Why do we pay Pure 
Mathematicians if their work has no 
application in the real world? The 
answer to this, again, is not a clear-cut 
statement; there are some who believe 
that Pure Mathematics has no reason 
for existence, while some (including 
myself), believe that it plays an 
incredibly important role in the modern 
world. 
 
But how? If Pure Mathematics has no 
direct use in the real world, how can it 
be important in the real world? 
 
Reportedly, Euclid of Alexandria, when 
asked by a student what the purpose of 
study in geometry was, asked his slave 
to give the student threepence, ‘since 
he must make gain of what he learns’. 
This elucidates how, just because Pure 
Mathematics does not have any direct 
real-world gains, it does not mean that it 
is worthless. 
 
The idea is that the job of a 
mathematician is not to prove theorems 
and make up theories (contrary to 
popular opinion); rather, it is to pave the 
way for humanity to understand more 
complex ideas. Looking at the idea from 
this angle, the gap between Pure and 
Applied Mathematics takes on a 
different light. Applied Mathematics is 
made up of concepts that we 
understand well enough to apply to real 
life; Pure Mathematics contains those in 
Applied Mathematics, and further 
concepts that we do not yet have a 
sufficient comprehension of to put into 
practice in real life. 
 
Progress in understanding ideas that 
are too complex for real-world 
application does not mean that it is 
useless; rather, the true value in such 
progress lies in the tools and techniques 
used to achieve such understanding. 

One might argue that there is no point 
residing in the perfect, hedge-walled 
garden that I have likened to Pure 
Mathematics, without recognition for 
the true world outside, but I believe that 
we can apply the techniques that we 
use to maintain such a perfect garden 
to the outside world, solving 
imperfections as they inevitably 
increase over time. This notion is 
expressed in Hardy’s ‘A 
Mathematician’s Apology’, where he 
states, ‘Pure Mathematics is on the 
whole distinctly more useful than 
Applied … for what is useful above all is 
mathematical technique’. It is through 
Pure Mathematical research that many 
crucial mathematical techniques were 
developed. 
 
However, though it supports my point, I 
dislike this argument. It suggests that 
Pure Mathematics is a discipline that 
exists exclusively to lay the foundations 
for other disciplines, and implies that, on 
its own, Pure Mathematics is useless 
(something with which I wholeheartedly 
disagree). Indeed, there is a purpose to 
Pure Mathematics that lies within, a 
purpose that is not just to lead unto 
other disciplines. This question is not 
dissimilar to the question, ‘What is the 
purpose of Art?’. At first, this seems an 
absurd question to link to this argument 
– Art and Pure Mathematics are 
generally viewed as two completely 
unrelated fields of work – but here, Art 
and Pure Mathematics are not so 
unalike. In a similar way to how people 
argue that Pure Mathematics is useless, 
people argue that Art is useless – for Art, 
too, seems to lack a direct real-world 
application. 
 
In the 19th century, and continuing 
through the 20th century, the notion of 
proof became much more popular with 
mathematicians. It simply wasn’t 
enough to know that something is true; 
for centuries, mathematicians have 
worked with ideas that worked, ideas 
they knew were true, but they had no 
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reasoning as to why they were true. For 
example, take the binomial theorem. 
Isaac Newton discovered and published 
this theorem in 1676 but without any 
proof.  
 
Now, as an example of the beauty of 
proof, let us prove the Binomial 
Theorem by induction. 
 
The Binomial Theorem states that 
 

(8 + 9)' =:;
<
=> 8

'()9)
'

)*+
 

 
Now onto the base case. We apply the 
Binomial Theorem when < = 1. 
 

(8 + 9)% =:?
1
=@ 8

%()9)
%

)*+
	

= ?
1
0@ 8 +	?

1
1@ 9	

= 8 + 9	
 

We get the same result when 
expanding (8 + 9)% by hand, so we know 
that the Binomial Theorem holds when 
< = 1. 
 
Now, for the inductive step. In this step, 
we must prove that, for any B for which 
the Binomial Theorem holds, the 
Binomial Theorem holds for B + 1. 
 
To start, we assume that 
 

(8 + 9), =C?
B
=@8

,()9)
,

)*+

 

 
i.e. the Binomial Theorem holds for 
some B. 
 
If the Binomial Theorem holds for B + 1, 
we will get: 
 

(8 + 9),-% =:?
B + 1
= @ 8,-%()9)

,-%

)*+
 

 

This is our target equation. 
 
Now, we prove that the Binomial 
Theorem does indeed hold for B + 1. 
 
We start with and manipulate the left-
hand-side of our target equation. 
 
(8 + 9),-% = (8 + 9),(8 + 9)	

= 8(8 + 9), + 9(8 + 9), 	

= 8C?
B
=@8

,()9)
,

)*+

+ 9C?
B
=@8

,()9)
,

)*+

	

=C?
B
=@ 8

,-%()9)
,

)*+

+	C?
B
=@ 8

,()9)-%
,

)*+

 

 
We now must add the two series 
summations together. However, since 
we have an extra 8 in each term of the 
first series and an extra 9 in each term of 
the second series, the exponents of 
corresponding terms do not match. We 
must extract the first term of the first 
series and the last term of the second 
series as shown: 
 

?
B
0@ 8

,-% +	C?
B
=@ 8

,-%()9)
,

)*%

+	C?
B
=@ 8

,()9)-%
,(%

)*+

+ ?
B
B@9

,-%	 

 
Now, to be able to add the two series, 
we need to shift the second to the right, 
so that it counts from 1 to B. To account 
for this increase in values of =, we reduce 
each occurrence of = by 1, as shown: 
 

?
B
0@ 8

,-% +	C?
B
=@ 8

,-%()9)
,

)*%

+	C?
B

= − 1@ 8
,(()(%)9)

,

)*%

+ ?
B
B@ 9

,-% 
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We can now factorise to give: 
 

?
B
0@ 8

,-% +	:D?
B
=@ + ?

B
= − 1@E 8

,-%()9)
,

)*%

+	?
B
B@ 9

,-% 

 
To simplify further, we need to add the 
coefficients F,)G + F

,
)(%G. 

 
To manipulate these binomial 
coefficients, we could use Pascal’s Rule; 
instead of just applying the rule, I have 
derived it for these cases. 
 
Manipulating F,)G gives: 

 

?
B
=@ =

B!
=! (B − =)!	

=
(B + 1)!
B + 1 	×

B − = + 1
(B − = + 1)! ×

1
=!	

= 	
(B + 1)!

=! (B − = + 1)! ×
B − = + 1
B + 1 	

= ?
B + 1
= @ ×

B − = + 1
B + 1  

 
Similarly, for F ,

)(%G: 
 

?
B

= − 1@ =
B!

(= − 1)! (B − = + 1)!	

=
(B + 1)!
B + 1 ×

1
(B − = + 1)! ×

=
=!	

=
(B + 1)!

=! (B − = + 1)! ×
=

B + 1	

= ?
B + 1
= @ ×

=
B + 1	

 
Now, we can add the binomial 
coefficients. 
 

?
B
=@ + ?

B
= − 1@ = ?

B + 1
= @ ×

B − = + 1
B + 1

+ ?
B + 1
= @ ×

=
B + 1	

= ?
B + 1
= @ × ?

B − = + 1
B + 1 +

=
B + 1@	

= ?
B + 1
= @ 

 

 
We substitute this back into our original 
equation to give: 

 

?
B
0@8

,-% +	:?
B + 1
= @ 8,-%()9)

,

)*%
+	?

B
B@ 9

,-% 

 
 
To bring the final term back into the 
series, we first rewrite it as follows: 
 

?
B
0@ 8

,-% +	:?
B + 1
= @ 8,-%()9)

,

)*%

+	?
B + 1
B + 1@9

,-% 

 
Now, to bring the first term back into 
the series, we change the range from 1 
to B to 0 to B; to bring the last term back 
into the series, we change the range 
from 0 to B to 0 to B + 1.  
 
We get the following: 

 

(8 + 9),-% =:?
B + 1
= @ 8,-%()9)

,-%

)*+
 

 
 
Which is the same as our target 
expression. 
 
Hence, if the Binomial Theorem is true 
for < = B then it is true for < = B + 1. But 
it is true for < = 1, so the Binomial 
Theorem is true for all positive integers 
<. 
 
But I digress. 
 
In this era of mathematical history, 
more proofs were done than ever, a 
burning desire to put all mathematics 
on a firm foundation spurring progress, 
to create a system that could separate 
truth from falsehood with complete 
accuracy. Needless to say, this has not 
yet been achieved. And, of course, there 
is a proof such a system does not exist. 
The philosopher Kurt Gödel proves that 
no matter what statement you start 
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with, any system will always end up with 
statements that cannot be proved true 
or false. A famous example of this is the 
statement, ‘This sentence is false’. The 
statement is neither true nor false, and 
is an example of why a system that 
determines either truth or falsity cannot 
exist. 
 
Instead, a system that determines truth, 
falsity, or indeterminacy was created. 
This takes the form of the computer, a 
breakthrough discovery that is a result 
of centuries of research into pure 
mathematics. Not all these 
mathematicians were doing their 
research for the sole purpose of coming 
up with such a system, and so they were 
researching with no real-world 
application in mind. What is next to 
come is yet to be seen; we do not know 
what parts of mathematics will play a 
part in the next breakthrough, and thus 
all mathematical research is extremely 
valuable. 
 
Let us not forget that all science and 
mathematics was born of ancient 
philosophy, and there were far fewer 
real-life applications of knowledge back 
then. It was considered noble to devote 
one’s time in pursuit of new knowledge, 
and the same drive for knowledge exists 
within research mathematicians today 
(though the sense of nobility has 
somewhat diminished over time).  
 
Pure Mathematics is an extremely 
versatile field, and hopefully I have 
dispelled any myths that it has no 
practical use. The utopian beauty of 
Pure Mathematics, comparable to our 
perfect, hedge-walled garden, may not 
directly correlate to the real world, but 
the drive for new knowledge is so great, 
a drive that keeps Pure Mathematics a 
distinctly awe-inspiring field of study. 
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THE CHASM 
BETWEEN TRUTH 
AND PROOF 
 
Grace Sodunke 
 
“We must know, we will know.” — David 
Hilbert, 1930. 
 
Proving the consistency of mathematics 
was a main challenge that gained 
traction at the turn of the 20th century. 
At the International Congress of 
Mathematicians in 1900, “the 
compatibility of the arithmetical 
axioms” was outlined as a problem of 
second highest priority by great 
German mathematician David Hilbert. 
The aim was to deduce all possible true 
statements from a limited set of basic 
axioms: statements considered to be 
self-evidently true. Accompanied with 
rules for valid manipulations of these 
axioms, the anticipated result was a 
universal formalisation of mathematics. 
 
Research into what became known as 
‘metamathematics’ resulted in the 
publication of ‘Principia Mathematica’ 
by Bertrand Russell and Alfred North 
Whitehead in 1910-13. Composed of 
three volumes, the seminal work 
provided a thorough treatment of 
foundational mathematics. Topics 
including set theory and cardinal 
numbers were defined from logical 
principles to deduce key concepts. As 
well as contributing to Hilbert’s goal, 
Russell and Whitehead established a 
system that would reduce theorem 
generation to arithmetical operations, 
potentially enabling computers to 
automate mathematical research. 
 
Despite this progress, a fatal blow was 
delivered to Hilbert’s program in 1931, 
with the publication of the 
Incompleteness Theorems by Austrian 

mathematician Kurt Gödel. Arguably 
the most important mathematical 
result of the 20th century, the theorems 
set bounds to what mathematics could 
prove. Essentially, it meant that any 
sufficiently expressive mathematical 
system (such as the natural numbers) 
cannot be both consistent – able to 
prove only true statements – and 
complete – able to prove every true 
statement. 
 
Gödel’s First Incompleteness Theorem: 
For any consistent, formal system there 
are statements which can neither be 
proved nor disproved. 
 
A further result is the assertion that 
there is no way to prove that systems 
are free of false statements. 
 
Gödel’s Second Incompleteness 
Theorem: No consistent, formal system 
can prove its own consistency. 
 
Therefore Hilbert’s consistency proof 
was impossible. Furthermore, significant 
effects propagated across the 
mathematical community; it became 
unknown whether important problems 
will remain unsolved, and whether 
theorems that have been studied for 
decades will be proved. I will explore a 
proof for Gödel’s First Incompleteness 
Theorem. 
 
Firstly, we firstly define requirements of 
a formal system. Peano axioms were 
formulated for the natural numbers by 
19th century Italian mathematician 
Giuseppe Peano. These axioms in first-
order logic define a standard system for 
expressing all statements of number 
theory. Symbols of the language include 
the constant	0; the unary successor 
function # such that #(%) = % + 1; binary 
functions + and ×; propositional 
connectives ∧, ∨, → and ¬; universal, ∀, 
and existential, ∃, quantifiers; and binary 
relations = and <. Thus Peano arithmetic 
(PA) consists of the following axioms: 
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∀x	¬(S(x) = 0) 
∀x, y	(S(x) = #(4) 	→ 6 = 4) 

∀x	(x + 0 = x) 
∀x, y	7x + S(y) = #(6 + 4)8 

∀x	(x × 0 = 0) 
∀x, y	(x × S(y) = 6 × 4 + 6) 

9(0)	⋀	∀x[φ(x) → φ7S(x)8] → ∀xφ(x) 
 
The seventh axiom establishes a 
property 9 of all natural numbers by 
induction. Writing well-formed formulas 
in this language yields the potential to 
derive all theorems of arithmetic, which 
are proved through axiomatic inference. 
Therefore a formal system is necessarily 
consistent, meaning that no formula 
and its negation can both be proved; 
inconsistency would allow any 
statement to be provable. A stronger 
property, ω-consistency, requires that 
for some formula >(6), the system 
cannot prove both ¬>(%) for every 
natural number %, and ∃xA(x). 
 
A key method used by Gödel in his proof 
is an encoding function that maps well-
formed formulas to natural numbers. 
Gödel numbering presents an approach 
to represent statements arithmetically, 
similar to character sets used by 
computers like ASCII and Unicode. An 
essential property is that it can 
mechanically convert between finite 
formulas and their corresponding 
natural numbers. 
 
A distinct natural number must be 
assigned to each symbol of Peano 
arithmetic, as shown in Table 1. To 
calculate the Gödel number of a 
formula, each symbol is substituted for 
its character code and the first n prime 
numbers (where n is the length of the 
formula) are raised to the power of each 
symbol number and multiplied 
together. Hence the expression ‘0 = 0’ is 
encoded as 21 × 33 × 51 = 270. 
Furthermore, prime factorisation of a 
Gödel number will reconstruct the 
original expression. 

 
 
1 0 8 ) 
2 S 9 ∃ 
3 = 10 ∀ 
4 < 11 ∧ 
5 + 12 ∨ 
6 × 13 → 
7 ( 14 ¬ 

Table 1: Assignment of natural numbers 
to symbols in order to compute the 

Gödel number of a formula. In practice, 
natural numbers can be arbitrarily 

assigned to symbols. 
 
The Gödel number of @, a theorem or 
proof, is denoted as ⌜B⌝. In addition, the 
notation F	 ⊢ 	G	 states that there is a 
proof of G in	F, hence G is a theorem of F. 
F	 ⊬ 	G	 means that G is not derivable in F. 
Another ingredient for this proof is the 
Diagonalisation Lemma, which states:  
Let >(6) be an arbitrary formula of the 
language of H with only one free 
variable (a variable that is bound by a 
quantifier). Then a sentence I can be 
constructed such that 
 

F	 ⊢ 	D	 → 	A ⊢ A	(⌜D⌝). 
 
This means that given any property >(6), 
there is a self-referential sentence I that 
says it has the property >. 
 
Proof of Gödel’s First Incompleteness 
theorem can now be completed. Let T 
be a K-consistent formal system such as 
PA. Then the relation Prf!(x, y)	 holds if 
and only if x is the Gödel number of a 
proof of the statement with the Gödel 
number 4. Prov!(y)	is the set of Gödel 
numbers of all statements provable in Q, 
defined as ∃x	Prf!(x, y). Prov!(y)	is called 
the provability predicate, and leads to 
the relation 
 

T	 ⊢ 	A	 → 	T	 ⊢ Prov!(⌜A⌝). 
 
The ingenious step uses the negated 
provability predicate. By the 
Diagonalisation Lemma, there is a 
formula G! such that Q derives 



Olavian Mathematical Newsletter, June 2021 14 

 
	G! 	↔￢Prov!(⌜G!⌝). 

 
Akin to the paradox “This statement is 
false”, G!  is a sentence that asserts its 
own unprovability. This means that if Q 
is K-consistent, T	 ⊬ 	G! . To prove this, 
assume conversely that G! is provable. 
Then by the provability predicate, Q 
would also prove Prov!(⌜G!⌝). However, 
since Q proves the equivalence	G! 	↔
￢Prov!(⌜G!⌝), it would derive ￢G! too, 
making Q inconsistent. We conclude 
that G! is an undecidable statement 
that can neither be proved nor refuted 
in Q, known as a Gödel 
sentence. Therefore we show that Q is 
not complete. 
 
A short period after Gödel, American 
mathematician J. Barkley Rosser 
showed that the simple consistency of Q 
is enough to complete the proof. 
Rosser’s trick prevents the need to 
define ω-consistency with the modified 
provability predicate RProv!(y), which 
translates to “there is a proof of y in Q, 
and there is no shorter refutation of y”. 
 
Gödel’s profound discovery led to 
further works, including Tarski’s 
undefinability theorem and Turing’s 
proof that the Halting problem is 
unsolvable. Moreover, the Paris-
Harrington theorem is an example of a 
true principle that was proved to be 
undecidable in PA. This was done by 
using the theorem to imply the 
consistency of PA, which is a false 
conclusion by the Second 
Incompleteness Theorem. 
 
Learning of Gödel’s result provides 
contrary evidence for the notion that 
proof creation will bear all mathematical 
truths. One idea brought to attention is 
that there are aspects of logical intuition 
that escape concrete reasoning. 
Nevertheless, the conviction that “we 
must know, we will know” is no less 
relevant, and must motivate us to 

continue discovering the endless 
beauty in mathematics. 
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NOTHING IS 
IMPORTANT – THE 
DISCOVERY OF THE 
NUMBER ZERO 
 
Nandini Chanda 
 
 
One small dot engraved onto a small 
piece of bark has turned into being one 
of the biggest mathematical 
breakthroughs ever. The number zero. 
Something we use on a daily basis and 
take for granted. But what was it like 
without it and what would our world 
look like today if the number zero had 
not been discovered?  
 
The Bakhshali manuscript is an ancient 
Indian mathematical text written on 
some birch bark and this was found in 
1881 in the village of Bakhshali, Mardan 
in India. After going through the 
process of carbon dating using 
radiocarbon techniques, it was revealed 
by Oxford University that this Sanskrit 
manuscript dates back to as early as the 
3rd of 4th century, around 500 years older 
than scholars previously thought. The 
late arrival of the discovery of the 
number zero was partly because of the 
negative cultural views and beliefs 
many people had. For example, after the 
rise of Christianity, religious leaders in 
Europe argued that God exists in 
everything, therefore something that 
represents ‘nothing’ is satanic, resulting 
in them banishing zero from existence 
in order to save humanity (though some 
merchants secretly used it). It is believed 
that Brahmagupta (an Indian 
mathematician and astronomer) first 
came up with the idea of zero and 
started making rules for it, including 
how to use it in addition, subtraction 
and division; though many 
mathematicians soon found that 

dividing a number by zero is a lot more 
complicated than previously thought.  
 
The Ancient Babylonians had the need 
to represent ‘nothing’ and similarly the 
Mayans used the symbol of a shell to 
denote ‘nothing’ as a place holder. 
Therefore, it could be argued that the 
number zero was just reinvented in 
India and it has the same meaning as 
the shell, for example.  
 
So why was the discovery so exciting? It 
is because it was the birth of the 
concept of zero in its own right. As this 
sounds a bit confusing, a simple 
example will make it clearer to 
understand: if someone asked you how 
many cows there were on your empty 
field, you would have replied that there 
were none, however after the discovery 
of the number zero you would have 
been able to say that there were 0 cows 
on the field. Hence, the ‘discovery’ of 
zero was essentially when it was given 
its own right and when it was 
established that zero is a quantity like 
other numbers, not just nothing.  
This is a very difficult concept, for 
growing children in particular, to 
understand or get used to. Andreas 
Nieder, a cognitive scientist at the 
University of Tübingen in Germany, 
believes that we must understand 4 
different stages of zero in order to fully 
understand it (as shown in the image 
below). The first one is stimulation: the 
ability to notice a stimulus or the lack of 
a stimulus, e.g. turning on the light 
triggers the neurones in our brain, but a 
light that is turned off does not affect 
the neurones. The second stage would 
therefore be that the brain must learn 
how to react to the stimulus. The third 

Part of the Bakhshali manuscript; the dots circled mark the 
use of the number zero. 
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stage is being able to understand that 0 
is an actual quantity less than 1, which 
can be the most difficult part for 
children. In a study done to 
demonstrate this, researchers asked a 
group of toddlers to pick the card with 
the fewest dots; when shown a card 
with 1 dot and another card with 0 dots, 
less than 50% of the kids got the answer 
correct. Nieder says that without 
understanding this concept humans 
cannot use zero as a number (which is 
the fourth stage), but how the brain 
gets to that point is still unknown as 
scientists have not yet discovered 
everything about the human brain.  
 

 

 
 

 
 
 
Nieder says that no animal outside of 
humans, “no matter how smart” 
understand that zero can be a symbol. 
However, even well-educated humans 
can get slightly confused when dealing 
with the number zero; studies have 
shown that adults take a few moments 
longer to recognise the number zero 
compared to other numbers. When the 
experiment to pick the card with the 
least number of dots was repeated with 
adults, it showed that they took a 

slightly longer time to decide between 
zero and one, than when comparing 
zero to a larger number.   
The final stage may be unique to 
humans but surprisingly, many animals 
can reach the third stage: recognising 
that 0 is a quantity less than 1. Scarlett 
Howard, a PhD student at Royal 
Melbourne Institute of Technology, 
published an experiment she carried 
out using bees. A similar experiment 
with the dots on various cards was done, 
but this time with bees instead of 
humans. The bees were trained to pick 
the card with the lowest number of dots 
and were rewarded with sugar water 
when they picked the correct ones. 
After finding out that the bees were 
accurate 80% of the time, the 
researchers decided to add a blank card 
with no dots which the bees had not 
been trained with or seen before. The 
bees chose the blank cards, hence 
picked the correct option even without 
ever being rewarded for it. This showed 
that although bees have 100,000 times 
fewer neurones than humans, they are 
able to understand that the number 
zero is a quantity that is less than one, 
which is quite surprising! The bees also 
showed that they understand zero as a 
quantity on the number line because 
they more accurately chose the blank 
cards when compared to a larger 
number, e.g. 5 or 6, than when 
compared to 1; they were more accurate 
with numbers that were further apart 
and this is called numerical distance, 
which is very important to show that 
animals or humans have a good 
understanding of number quantity. It is 
even believed that analysing and 
understanding how bees compute and 
process numbers in their brains will help 
us to create better and more efficient 
computers in the near future.  
 So what do we use the number zero for 
today which we would not have been 
able to do without? The main reason we 
use the number zero today is as a 
placeholder. For example, we know that 
305 is not the same as 35 because of the 

This graph shows the results of the experiment, and 
the arrow shows that less than 50% of the children 
got the answer correct when comparing the card 

with zero dots to the card with one dot. 
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use of zero as the placeholder. Before 
zero was invented, different symbols 
were used as a placeholder, but can you 
imagine what numbers were like before 
that? Another idea is to think of zero as 
a portal between positive and negative 
numbers; Brahmagupta worked with 
negative numbers and put forward the 
idea that below zero, the numbers 
increase but in the opposite direction, 
until negative infinity. Without zero, 
essentially much of our modern world 
would fall apart. Computers work on 
binary using 1s and 0s and this would 
not have been possible (without the 
discovery of zero, I would not be able to 
type this article out on my laptop as I 
am doing so now!). Calculus and algebra 
would also be incomplete without zero. 
For example, one of the processes 
involved in calculus is determining the 
derivative of a line to find the gradient; 
Isaac Newton and Gottfried Leibniz 
discovered when they invented calculus 
that calculating a slope at a single point 
involves getting closer and closer – but 
never actually – dividing by zero. 
Therefore, thinking back to the fact that 
Brahmagupta, and many other 
mathematicians, struggled to find the 
solution to dividing a number by zero, 
this in itself is a very important concept. 
Robert Kaplan said, “All infinite 
processes (in math) pivot around, 
dance around, the notion of zero”.  
 
Before reading this, you probably took 
the number zero for granted and never 
put much thought into its importance, 
much like I did before doing this 
research. But as Andreas Nieder said, 
this discovery was “a total game 
changer... equivalent to us learning a 
new language”.  
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